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Abstract
The treatment for the multiboson coherent state is extended for the completeness
of the formulation. The basic idea for the extension is presented in terms of expanding
the boson space. The MYT boson mapping plays a central role. The resultant multi-
boson coherent state includes the state obtained in our previous treatment and the
form suggests various multiboson coherent states are possible in the deformed boson
scheme.
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Recently, the present authors published four papers 1) - 3) concerning the deformed boson
scheme including conventional q-deformation in time-dependent variational method. The
series of these papers consists of (I), 1) (II), 2) (III) 2) and the short note 3) and, in this series,
we discussed various aspects of the q-deformation appearing in the boson coherent state and
its generalized form. For example, in (I), 1) a possible form of the multiboson coherent state
and its generalization were described. Its treatment is, in some sense, in close connection
with that given by Penson and Solomon. 4) However, the treatment in (I) is limited to a
certain special boson subspace. In this sense, it is unsatisfactory and to make it complete
is the aim of this paper. Further, the present paper gives a generalization of the treatment
proposed by the present authors, which is related to a new boson realization in the Lipkin
model. 5), 6)
In (I), a possible form of the multiboson coherent state, which we denote as jc0ii, was















[(mn)!]−1 (jγj2)n : (2)





(c˜)mnj0ii ; (n = 0; 1; 2;   ) (3a)
c˜j0ii = 0 : (3b)
The operator (c˜)m is the building block of the state jc0ii and, in this sense, we can call jc0ii
the multiboson coherent state in which m denotes an integer (m = 2; 3;   ) characterizing
the multiboson. Clearly, the set fjmniig is an orthogonal but not a complete one : The set
composes a subspace of B˜, which we call B˜0.
With the aim of investigating the structure of the deformation of the multiboson coherent
state, in (I), we adopted the basic idea of the MYT boson mapping. 7) For the image of the
space B˜0, we prepare a boson space Bˆ0 constructed by the boson operator (cˆ; cˆ
). The
orthogonal set of Bˆ0 consists of the states
jni = (
p
n!)−1(cˆ)nj0i; (n = 0; 1; 2;   ) (4a)
cˆj0i = 0 : (4b)
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The set fjnig is complete. Following the basic idea of the MYT boson mapping, we make
the set fjmniig correspond to fjnig :
jmnii  jni ; i.e., jni = U 0jmnii : (5)
The operator U 0 plays a role of the mapping operator from B˜0, a subspace of B˜, to Bˆ0 and





The operator U 0 satisfies the relation
U 0U
y
0 = 1 ; U
y




Then, the image of jc0ii mapped from B˜0 to Bˆ0, which we denote jc0i, is given in the following
form :
















The form (8) shows that jc0i is deformed from the conventional boson coherent state by the
function f 0m(n). This means that by changing f
0
m(n) from the form (9), we have various




























: Nˆc = cˆ
cˆ : (11)
The form (10) for m = 2 can be seen in Appendix of Ref.5). The state jc0i is an eigenstate
of γˆ defined in the following :




F 0m(Nˆc) cˆ : (12)
The form (10) also shows that jc0i is deformed from the conventional boson coherent state.
However, the above treatment contains unsatisfactory point. The system is treated only in
the subspace B˜0 of B˜. Therefore, in order to complete the treatment, it may be necessary
to investigate the effect coming from the subspace orthogonal to B˜0. The aim of this note is
to investigate the above-mentioned problem.
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For our present aim, we treat the system in the whole space B˜. In this case, the orthogonal
set consists of the following states :





(n = 0; 1; 2;    ; r = 0; 1; 2;    ; m− 1) (13)
Of course, the set fjmn + riig is complete and the space spanned by the states with r = 0
corresponds to the subspace B˜0. The case m = 2 was investigated in Ref.5) in a form
different from the present one.
In order to obtain the image of the space B˜, let us prepare a boson space consisting of
not only the boson (cˆ; cˆ) but also the boson (dˆ; dˆ), the orthogonal set of which is given by
jn; ri = jni ⊗ jr) ; (14)
jr) = (
p
r!)−1(dˆ)rj0) ; (r = 0; 1; 2;   ) (15a)
dˆj0) = 0 : (15b)
We call the above space as B. The state jni is defined in the relation (4a). We make the set
fjmn + riig correspond to the set fjn; rig :
jmn + rii  jn; ri ; i.e., jn; ri = U jmn + rii : (16)
Since r = 0; 1; 2;    ; m− 1 in the set fjmn + riig, r in the state jn; ri shown in the relation
(16) is also equal to 0; 1; 2;    ; m − 1. This means that the set fjn; rig as the image of






jn; rihhmn + rj : (17)
The operator U satisfies the relation








As a possible and natural extension of the multiboson coherent state jc0ii, we define the

















[(mn + r)!]−1(jγj2)n(jj2)r : (20)
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Here,  denotes a complex parameter additional to γ. If restricted to r = 0 in the summation
in (19) and (20), jcii is reduced to jc0ii. With the use of U given in the relation (17), the
image of jcii, which we denote jci, can be derived :






















The form (21) shows that the state jci is different from the conventional boson coherent

























Nˆc + (Nˆd + p)=m
]






The function Fm(Nˆc; Nˆd) is a natural extension from F
0
m(Nˆc) shown in the relation (11). The
part exp(dˆPˆm−1)j0i is a concrete example of the case investigated in Ref.3).





Fm(Nˆc; Nˆd) cˆ ; (26)
ˆ =
√
(mNˆc + Nˆd + 1)  (Nˆd + 1)−1 dˆ : (27)
The connection can be seen in the relation
γˆjci = γjci ; (28)
ˆjci = Pˆm−1jci : (29)
It is useful to note that the following relation for Fm is satisfied :
Fm(Nˆc; Nˆd + 1) =
[
Nˆc + 1 + (Nˆd + 1)=m
] [
Nˆc + (Nˆd + 1)=m
]−1
Fm(Nˆc; Nˆd) : (30)





= 0 : (31)
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= 1 : (32)
The interpretation of the relation (29) is given in Ref.3).
Our present system is also considered in terms of the boson type classical canonical
variables. The canonicity condition in the TDHF theory 8) enables us to perform this task.
We introduce two sets of the variables (c; c) and (d; d). In the same manner as that in (I),





























(mNˆc + Nˆd + 1)−1(Nˆd + 1) 
√
(mNˆc + Nˆd + 1)−1(Nˆd + 1) ˆjci
= jj2hcjPˆm−1(Nˆd + 1)(mNˆc + Nˆd + 1)−1Pˆm−1jci
= jj2  @Γ
@jj2Γ
−1 : (34b)
The last line of each equation is directly derived from hcjcˆcˆjci using (21). Thus, we have
Nc = c
c ; Nd = dd ; (35)
@Γ
@jγj2Γ
−1 = hcj(mm)−1Fm(Nˆc; Nˆd)−1jci ; (36a)
@Γ
@jj2Γ
−1 = hcjPˆm−1(Nˆd + 1)(mNˆc + Nˆd + 1)−1Pˆm−1jci : (36b)








hcjPˆm−1(Nˆd + 1)(mNˆc + Nˆd + 1)−1Pˆm−1jci
]−1
d : (37b)
For the relations (37), we make a rough approximation :
Pˆm−1jci  jci ;
hcjG(Nˆc; Nˆd)jci  G(Nc; Nd) : (38)
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Fm(Nc; Nd) c ; (39a)
 =
√
(mNc + Nd + 1)(Nd + 1)−1 d : (39b)
With the use of the relation (37), we can give the expectation values of various operators for
jci in terms of (c; c) and (d; d) in the approximate forms.
The above is an outline of our idea for completing the treatment of the mutiboson coherent
state given in (I). Finally, we give some remarks. In this paper, the boson operator (dˆ; dˆ)
was used for the completion. Instead of the boson operator, we can use the operator (d˘; d˘)











Under the presupposition of the existence of the state j0) obeying d˘j0) = 0, the relation
(40) leads us automatically to (d˘)mj0) = 0. This means that we can formulate our idea
without worrying the existence of the subspace Bˆ. Actually, the case m = 2 was treated by
the present authors. 6) In this case, the relation (40) gives us d˘d˘ + d˘d˘ = 1 and (d˘; d˘) can
be regarded as fermion operator. In Ref.6), we adopted the coherent state different from
the present one and, then, it is impossible to compare the results directly. The detail of the
relation (40) was discussed by the present authors 9) in relation to the Dirac canonical theory
for constraint systems. 10)
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